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I.  iBtrodttctlon  and  Snaaiary 

In  a  recant  Selentlfie  Report,  "Electromagnetic 
Non»Llnear  Wave  Interaction  and  Reflection  from  a  Plane 
Ionised  Medium"  [3],  the  author  has  studied  non>llnear  wave 
Interaction  and  Its  associated  wave  generations  (at  various 
combination  frequencies)  In  an  isotropic,  Ionized  medium. 

In  order  to  make  the  results  as  general  as  possible,  the 
Interaction  and  the  non-linear  reflection  laws  were 
expressed  in  terms  of  unspecified  refractive  Indices.  This 
made  It  possible,  among  other  things,  to  express  the  con¬ 
ditions  for  travelling  wave  resonance  in  vector  form,  which 
allows  a  study  of  the  Interaction,  for  example  the  generation 
of  sum  or  difference  frequency  radiation,  between  two  waves 
which  have  arbitrary,  and  different,  angles  of  Incidence 
upon  the  medium* 

In  the  present  report  the  non-linear  propagation 
studies  are  extended  to  a  magneto-ionic  medium;  the  limita¬ 
tion  being,  that  all  wave  normals  have  been  assumed  to  be 
parallel.  The  general  theory,  involving  arbitrary  wave 
normals,  will  be  dealt  with  in  a  forthcoming  report. 

It  Is  shown  that,  as  expected,  travelling  wave 
resonances  occur  In  the  magneto-ionic  medium,  not  only 
between  waves  of  the  same  kind  (e.g.  between  waves  of  ordin¬ 
ary  polarization)  but  equally  frequently  between  waves  of 
opposite  kinds.  From  the  non-llnear  interaction  point  of 
view  there,  thus.  Is  not  much  difference,  at  least  in  princl- 
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pie,  between  the  ordlnery  end  extraordinary  waves.  One  also 
finds,  which  is  of  interest  In  this  connection,  that  the 
second  order  non-linear  waves  are  characterized  by  two 
different  kinds  of  polarization  which  become  equal  only  at 
travelling  wave  resonance. 

Travelling  wave  resonances  should  be  very  efficient 
in  the  "top-side"  ionosphere,  where  both  losses  and  electron 
density  gradients  are  small.  It  is  Interesting  to  note,  that 
most  of  them  take  place  in  regions  where  7  >1-1  (in  the 
usual  notation);  which  are  accessible  by  both  types  of  waves 
from  a  "top-side"  sounder.  Interaction  instabilities  are 
likely  to  be  strong  in  regions  near  or  close  to  fourth 
reflection  level  conditions  (where  the  electron  velocities 

A  A 

become  very  large),  especially  for  T  ■!,  and  T  "l-X. 
Parametric  harmonic  pumping  of  cyclotron-type  resonances 
are  particularly  probable  -  in  agreement  with  recent  experi¬ 
mental  results. 

Under  certain  conditions  second  harmonic  (echo) 

I  generation  also  is  possible  at  or  near  the  following  com¬ 

bined  fundamental  and  second  harmonic  reflection  levels, 
viz.  Z"l,2  and  U.  Similar  levels  can  be  established  for  the 
higher  harmonics. 

I  The  author  expresses  the  hope  that  future  "top-side" 

sounders  will  also  be  equipped  with  harmonic  sweep  recording 
devices.  No  doubt  this  would  greatly  extend  our  knowledge 
I  of  dynamic,  non-linear  "top-side"  phenomena. 
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In  eoneluslon.  It  shonld  ba  added  that  the  resnltif 
obtained  in  this  report,  can  also  be  used  to  study  and 
eraluate  paraneJbrio  anpllf ieatlon,  or  second  harmonie  genera> 
tion,  of  exospherlo  whistler  modes* 


II.  The  lleetron  Velocities  and  the  Differential  (AC)  Space 
Charge  Density  of  the  Linear  Magneto-Ionle  Ware 
Let  us  assume  that  the  static  magnetic  field,  of 
strength  H^,  and  cyclotron  frequency,  is  oriented  with 
respect  to  the  ware  normal  ( s-directlon)  and  the  coordinate 
system  as  shown  in  Fig.  1. 

Z 


(direction  of  ware 

normal,  angular  ware 
frequency  «  ) 

q 


Fig.  1  Demonstrating  orientation  of  the 
static  magnetic  field 

If  we  denote  the  linear  fields,  of  angular  frequency 
«  ,  as  follows,  E  ,  etc.,  the  transwerse,  linear  elec- 

tron  Telocitles  can  be  written  [  l] . 


0  - 


37 


(11,1) 

where  n^  is  the  refractive  index  of  the  wave  in  question,  and 
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2  2 

Xq"«p  /«^  ,  where  ia  the  angular  (electronic)  plasma 

frequanc7  of  the  ionised  medium.  Introducing  the  cyclotron 

frequency  ratio,  T  ,  its  transverse  and  longitudinal 

'  q  H  q  ' 

components,  ■I  sing  ,  -T  cose  ,  and  the  plasma 
resonance  factor 


*  (6  ■  v/»  ) 

Q  q 


(11,2) 


the  Appleton-Hartree  expression  for  n  assumes  the  conven- 

q 

lent  form 


1-n  -  .  —  - °  "  I  ' 

^  J  *l/r^ 


(11,3) 


o'  ♦  ^1  ' 


which  demonstrates  the  influence  of  the  transversely  coupled 
plasma  oscillation  upon  the  propagation  of  the  linear  wave. 
The  longitudinal  velocity  component  can  be  written 

■m  _  t  9ir 

,(i) 


0.  Wo  ^  ’ 


(11,1*) 


(1) 


and  is,  thus,  in  phase  with  E'  for  a  loss-less  medium. 

V 

Bel.  (II, U)  by  (II, l)  also  can  be  written 


q  ^  T 


(Il,lia) 
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and  ara  eonsaquently  of  tha  a ana  ordar  of  nag- 

nituda  (I  4  O)  oxeapt  near  the  plaena  raeonanoa  larel, 

vhera  nay  ba  very  larga.  In  this  ragion,  tharafore, 
nay  gira  rlsa  to  appraciable  non-linear  effects 
2 

(provided  that  6^  «l)  even  if  the  transverse  velocities 
remain  snail. 

The  ac  space  charge  density  can  be  written  j^lj 


FTT-  " 

0  o'  q  phase 


»  (P. 


-eN  ;  N  is  the  mean 
0  0 


aleetron  density,  and  c 

'i  ® 

the  electromagnetic  velocity 
in  vacuum) 

(11,5) 

vbleh  by  (Iljlia)  can  ba  givan  tba  altarnata,  and  In  tbls  easa 
important  form, 

-JI,  h. 


(II, 5a) 


thus  is  zero  when  (longitudinal  propagation),  and 

<1 

when  R^n  -0  .  Relation  (II, 5a)  furthermore  shows  that,  as 
q  q  » 

far  as  the  charge  bunching  is  concerned,  the  measure  of  non¬ 
linearity  is  Rjri^Vv  .  ,  and  not  v^^V^  v  •  From  (11,5) 

q  Qy  '  phq  »  -  '  ph^ 

it  also  appears  that  p.  /p  may  become  very  large  for  the 

q 

extra-ordinary  wave  (the  Z-oomponent)  at  or  very  near  the 


plasma  resonance  level. 

According  to  (II, l),  (II, U)  and  (II, 5)  we  can  regard 


i 
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the  magneto-ionic  veto  as  composed  of  a  transverse  electro¬ 
magnetic  wave,  represented  by  v^^^  and  v^^\  and  an 

associated  plasma  wave,  represented  by  v^^^  and  whicb 

are  coupled  to  each  other  by  the  transverse  magnetic  field. 

^his  plasma  wave  disappears  when  0*0,  and  therefore  does  not 

appear  in  the  linear  theory,  when  the  propagation  is  purely 

longitudinal.  The  plasma  wave  may  become  very  large  at  the 

plasma  resonance  level  and  is  physically  Instrumental  in 

producing  the  triple  split  coupling. 

In  the  linear  magneto-ionic  theory  one  only  considers 

the  linear  convection  current  density  p  v  .  At  the  plasma 

0  q 

resonance  level,  however,  one  may  also  have  to  consider  the 

(l) 

noa-llnear  term  ;  which  produces  a  second  harmonic. 

The  moment  the  ionised  medium  drifts  one  must  also  deal  with 

the  linear  drift  component  p^^V^  ,  where  v  is  the  drift 

q  0  *  0 

velocity.  Different  types  of  waves,  such  as  space  charge 
waves,  may  then  be  generated  in  the  medium.  A  discussion 
thereof  is  outside  the  scope  of  the  present  communication. 

For  details  the  reader  is  referred  to  a  paper  by  J.  Askne 
and  the  author,  on  electron  stream  whistler  mode  interaction 

U). 

To  make  the  linear  field  survey  complete,  we  should 
perhaps  recall  that 


My 


$ 


(11,6) 


which  Is  the  linear  (hr  first  order)  polarization  ratio.  The 
polarization  of  the  non-llnear  field  components  Is  generallj 
different  from  ;  see  ^ij ,  and  (IV, 13). 

In  the  stndy  of  non-llnear  effects  one  Is  naturally 
Interested  In  regions  where  the  linear  velocity  fields,  and 
for  that  matter  also  >  generated  by  a  high  power  wave, 

for  example  a  pump  wave,  become  very  large.  Ve  have  seen 
that  v^^^  and  behave  in  this  manner  at  or  near  the 

plasma  resonance  level,  whereas  the  other  components  remain 
small. 

It  appears  from  our  previous  relation  that  there  Is 
another,  and  In  this  connection  very  Important  resonance 
level,  when  all  velocities  and  the  ac  space  charge  density 
may  become  very  large  (in  a  medium  with  small  losses)  and 
that  Is  at  or  near  the  so  called  fourth  reflection  level, 
where  well  known,  as  Is  easily  verified 

by  (II, 3),  that  this  "resonance"  takes  place  when 
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I  2  .  I  2 

q  » 


i-x. 


V-- 


q  l-XqCOS  Sq 


Cll,8) 


or  expressed  in  X^,  when 


l-I 


■  r-:  2  ^2 


q  1-Tq  cos  6^ 


(II,  8a) 


When  X^  Is  small,  (11^8)  approximately  yields 


^  ~  1  -  X  sln^e  , 

q  q 


‘R. 


l.e.  one  Is  very  close  to  "cyclotron  resonance";  especially 
when  Oq  la  small.  The  latter  ease  is  especially  important 
when  one  considers  the  excitation  of  cyclotron  harmonics 
(or  near  harmonics)  In  the  "topside"  ionosphere. 

It  Is  Interesting  to  note  that  (II, 8)  can  also  be 

written 


“  ®T^“t,^  »  (11,9) 

qn  qP  “P  Tp' 

cyclotron  plasma  coupling 

osc.  term  osc.  term  term 

which  shows  that  the  fourth  reflection  resonance  can  be  con¬ 
sidered  as  a  transverse  coupling  between  the  plasma  and 
cyclotron  oscillations. 

Let  us,  in  conclusion,  summarize  the  results  of  this 
Section.  As  far  as  the  linear  driving  forces  are  concerned, 
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V*  haTe  tvo  important  rosonanee  lavela  in  the  ionised 

aediua,  Tis* 


X 

q 


1 


i-i 

and  X  •  - -  y  ■ 

**  1-T  ^eoB^e 


Besidea  these  resonance  there  are,  of  course,  non-linear 
travelling  wave  resonances  [3j«  These  will  be  discussed  in 
Section  IV. 


III.  The  Non-Linear  Driving  Forces 

If  we  retain  the  non-linear  terms  In  the  equation  of 
motion,  we  have 

['V»  ”1 

'  (III,1) 

where  T  is  the  non-linear  force  on  the  oscillating  electrons. 
These  are  assumed  to  have  sero  drift  motion  in  the  linear 
theory  (a  stationary  magneto-ionic  medium). 

If  we,  for  the  moment,  consider  self-nonlinearities 
only  (for  example  with  a  powerful  primary  wave)  the  second 
order  force  term  can  be  written  in  the  instructive  form 

t 

■  "  7  *'*■***  ♦  [v^^^  X  curl 

(III, 2) 

aTJ 

Since  ■  curl  this  relation  can  also  bo  written 

O  O  t  ' 

.  .  1  grad  ♦  [  v^^^x  (curl  ,  (HI, 2a) 
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where  is  the  *ao*  cyclotron  frequency.  This  yields 

the  following  basic  relation  for  the  isotropic  non-linear 
median,  vis. 

i  grad  .  (H^-0)  (ill, 2b) 


In  this  case  the  (second  order)  non-linear  force  is  propor¬ 
tional  to  the  gradient  of  the  first  order  kinetic  energy 
of  the  oscillating  electrons* 

♦  *  * 

If  we  next  assume  that  there  are  two  waves  present  in 
the  medium,  i.e.  q  ■  1*2,  it  can  be  shown [^] that  has 

the  following  components  (v"0)j 


1  3 

's  “  -  T  it; 


1  1-n^^l  ^1  *1  / 


.(2) 


1  ±_ 
2  dz 


(l)^  *2 

*2  n? 


^2  *2 


.(2) 


3  (,(1)„(1)1 


ev 


(1) 


c  V 


(1) 


’2l  ^ 

dz  yg  dz  Xg 

3v^^^  1 

*2 

^2  „(1).  *2  Al)\ 

,  2 
l-Hg 

dz 

^1  ®*  *1  J 

^(III,3) 


>(2) 

*12 


2) 

1 


It  should  be  noted  that  complex  values  of  the  electron  velo¬ 
cities  cannot  be  used  in  these  relations.  The  real  velocity 
values  are  easily  obtained  from  the  various  field  relations 
in  the  previous  Section. 
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In  the  ease  of  the  ionosphere  it  normally  is  sufficient 
to  use  the  second  order  relations  (III,3,U,5) •  In  a  physical 
plasma  derice  this  is  not  always  permissible.  In  this  ease, 
howerer,  the  second  order  relations  still  are  very  useful, 
mince  they  can  be  used  to  demonstrate  how  and  when  ware 
instabilities  tend  to  build-up [^]. 

It  is  important  to  note  that  the  transverse  non¬ 
linear  forces  and  disappear,  if  -  0,  If 

y  X 

all  waves  travel  longitudinally,  there  are  second  order  non¬ 
linear  driving  forces  in  the  longitudinal  (z)  direction  only. 
This  case,  therefore,  is  simpler  to  treat,  but  much  less 
interesting  from  the  interaction  point  of  view. 

The  uiA  ^2^^  terms  contain  the  second  harmonic 

forces,  of  angular  frequencies  2eo^,  and  and  a  non¬ 
linear,  static  force  term.  Since  differs  in  phase  from 

v^^^  by  ±  n/2(v“0),  it  appears  from  (III, 3, U, 5)  that  there 

y 

is  a  second  order  static,  non-linear  force  term  in  the  y- 
direction  only.  As  the  total  "dc^-current  must  be  zero  In 
the  infinite  plane  medium,  we  must  require  that  the  mean 
value,  denoted  by  <  y,  of  the  second  order  convection  current 

be  zero,  l.e. 


which,  by  the  v-and  p^-relations  of  Section  II,  yields 


(III, 6) 
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-R,T- 

1  T, '1 

2  \  2 


1 

7 


>(v-0) 


> 


0 


j (III,7) 


Slnca  always  Is  positive,  the  higher  power  wave,  to 

2 

second  order,  pushes  the  medium  ahead.  There  is  no  transverse 
drift  andjit  should  be  noted,  that<v^^^>  has  the  same 
direction  (in  the  x-a  plane)  as  the  linear  electron  velocity. 
From  the  second  order  equation  of  motion  wo  next 


obtain 


This  yields 


(indices  1  and  2  dropped) 


(III, 8) 


1 

2 


2 


m  m  >  V  ^ 
^1 
2 


-"i^i 


2 


2 


«1^T, 


/v^^>  \ 

1 

J^max 

7  ' 

""ph  /, 

(III, 9) 


Thus  a  static,  non>linear  electric  field  is  generated  in  the 
y-direction  only.  It  has  the  right  magnitude  and  direction 
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to  permit  the  electrons  to  drift  in  a  straight  line  in  spite 
of  the  presence  of  the  static  magnetic  field. 

Finally,  it  should  be  noted  that,  in  a  system  with  one 
high  power  wave  only. 


pt2)/p(2)  .  _x  /_y 
X  '  y  9s  /  9z 


(111,10) 


Besides  the  non-linear  force  on  the  electrons  we  must 
also  consider  the  non-linear  "ac"  convection  current 
densities  in  the  system,  viz. 

(III, 9) 

and 


which  also  contain  second  harmonics  and  sum  and  difference 
frequency  terms. 


IV.  The  Non-Linear  Wave  Equation 

For  the  second  order  (non-llnear)  fields  Maxwell's 
equations  can  now  be  written 

n  2*(2)  .  1  J.(t(2)+t^2)\  .  p  2g  _  1  J./q-(2)^Y(2))  ) 

^e  ®x  7  9t  ^a  %  ®y  "  T  H^a  ^^b  I  M 

®  ®  WlV,l) 

3^  *(2)  ^  1  jL(T(2)*-r^2)l 

rr?  ®2  "  -  7  9tra  *h  > 
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where 


P 


2 

e 


1  _a 

^0*0  3» 


* 


(Electromagnetic  ware  (IV,2) 
operator  in  vacuum) 


If  we  Introduce  the  additional  operators,  viz. 


"p'  ■  *  “p'  *  “p' 

(Electromagnetic  wave 
operator  for  the  iso¬ 
tropic  ionized  medium) 

and  make  us  of  the  various  expressions  for  the  '-components 

of  the  previous  Section,  we  obtain  (after  some  transformations) 

( 2 ) 

the  following  non-linear  wave  equation  for  v  ,  viz. 

y 


'  Pp^lv.^^.  ‘  P..'  -  “iP..'p.'n  ■  •  'I’-*-’ 

|(2)  1 


where 


2„(2) 


2 


★  -  p  -p'-'  -  0)  ‘  -  J  t  -  p  -p' 

’x  *^e  X  p  9t  y  e  7 


p  at 


aw 


(2) 


*  .  3  p(2)  ^  2 

’•'z  "  j;?  ^Z  ■  “p  -ar 

(2)  ( 2 )  (2) 

Here  W'  ^ ,  W'  ,  W'  '  are  the  x,  7,  and  z  components  of 

X  ^  s 


(IV, 5) 


,(2) 

Po  * 


(IV, 6) 


and 


D  “  p 


em 


2  2  ^ 
P  P  ♦ 
*^p  *^em 


o  X 
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One,  furthermore,  obtains 

2  2  (2) 

Pen  -af-  ■  -  “iPe  ’y  *  +y  * 


(IV,8) 


and 


2  a^v^^^ 

Pp  at  T  — ^  ♦t 


(IV, 9) 


(2)  f  2^ 

Since  v,  is  also  related  to  by  the  following  relation 

jr  A 


.2  (2) 
a  V 


av 


(2) 


/  2  2  2  2\  “  ’v  22  “  X  2  2  V 

[Pp  P.»  ‘“t  Pe  )  —-2-  ■  “iPp  P.  -Jt—  -  “jPp  ♦t'Pp  -af  ' 

(IV, 10) 

one  is  induced  to  introduce  the  two  "symbolic"  second  order 
polarization  ratios  (compare  (11,7)) 


,(2)  (Pp  P,„  *“l  _ 

(.  —  ?  2 - 


“iPp  Pe 


and 


.(2) 


“LPe 


p  ‘^a/at 

*^em 


By  (IV, 7)  it  can  immediately  be  shown  that 


(IV, 11) 


(IV, 12) 


3^2)  .  g(2) 

Si  Sg 


1  -  -2--  2  -IT 

COt  P  P 


(IV, 13) 


The  two  second  order  polarization  ratios  are  therefore  only 

equal  when  D  -  0,  l.e.  when  we  have  resonances  in  the  systei 

(  2  ) 

By  our  previous  relations  the  wave  equation  forv'  ' 
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now  ean  bo  vrltton 


D  — 


2  2  2 
P  P  ♦«<!  ■ 

*^OB  1 


which  bjr  (IV,ll)  and  (17,12)  transforms  to 


(IV,ll») 


2,(2) 

®1 


T*^em 


2g 

P.  s 


(17,15) 


This  relation  demo|istrates  the  meaning  of  the  two  polarization 

(2)  (2) 

terms t  applies  to  the  (non-linear)  forces,  and  Sg  ' 

to  the  *  and  i|f  forces.  Therefore  , 

y  *  3c  y  1  2 

when  we  hawe  resonance  in  the  system. 

The  ware  equation  for  the  second  order,  longitudinal 

▼eloolty  finally  becomes 

a 


3t^2) 

~n 


(c. 


U  d‘ 


em 


at 


^  “L^Pe^ 


*z  * 


(17,16) 


where  It  Is  of  Interest  to  note  that  a  annihilates  the  longi¬ 
tudinal  magneto-ionic  nodes. 

One  finds  from  (17,7)  that  D  can  be  written 


«  'p  ** 

1  *'p 


9 


(IV, 17) 


whence  one  symbolically  obtains 


Ordinary  Elactromagnatlc  Wave  and  Plasma  Oscillation 
Operator 


D 

z 

Extraordinary  Electromagnetic  Wave  Operator 

(IV, 18) 

Pp^D  -  *  (n,l8a) 

It  should  be  noted  that  annihilates  both  an  ordinary  wave 

2 

and  a  plasma  oscillation  (p^  ■  O),  whereas  annihilates 

only  an  extraordinary  wave. 

~(2) 

Subject  to  proper  boundary  conditions,  -0 

yields  the  linear  transients  of  the  system  and  its  self 
oscillations  (v  ■  0,  8/3z  •  O)  X  ■  ■  1  +  Y,  1,  and  1  -  I. 

» 

If  we  assume  that  we  have  two  high  power  waves,  repre¬ 
sented  by  v^^^  and  present  in  the  system,  the  non-linear 

driving  forces  fy.,  and  may  contain  terms  with  the 
following  propagation  factors,  viz. 
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•xp.(2o»^t*2»^n^*/c^)}  exp.(2tt2t42a>2n2*/c^) }  (n^-n(«^)}  iig-nCttg)) 
#xp.^(M^*«2)t4(«^n^*(02n2)»/c^jj  exp.  ^(«^‘K02)t±(fl()^n^-»2n2)*/Cjj|  } 
•xp.^(«^-«2)tt(«^nj^-«2n2)a/Cpj }  exp.^(»^-<02)t±(»^n^+«#2"2^*^®o)  • 


It  should  be  remembered  in  this  connection  that  a  prlmarj  high 
power  wave  Is  defined  as  a  epure"  magneto-ionic  mode.  Two 
different  magneto-ionic  modes  have  to  be  treated  as  two  primary 
waves,  even  If  their  wave  frequency  happens  to  be  the  same. 

According  to  (IV, 9)  the  "effective"  refractive  indices 
of  the  second  harmonic  driving  forces  is  2n(w^)  and  2n(tD2)» 

The  effective  refractive  indices,  n^  and  n_,  of  the  sum  and 
difference  frequency  waves,  become 


•i*“2 


(0. 


n  ■ 


c®  •to 
1  2 


“l»l^“2»2 

Cft 


(IV, 20) 


where  the  upper  signs  correspond  to  the  situation  that  both 
primary  waves  propagate  in  the  same  direction,  and  the  lower 
signs  to  propagation  in  opposite  directions. 

Next,  let  us  introduce  the  (self  explanatory)  operator 
equivalents 


P 


•  «j^(n^^-l)} 


P 


)(IVA9) 


f 


(IV, 21) 
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and 


(IV, 22) 


Making  use  of  these  relations  and  (IV, 20)  one  can  prove  that 
the  following  Important  relation  holds,  viz. 


(IV, 23) 


(IV,2U) 


This  relation  shows  that  one  obtains  travelling  wave  resonance, 
D  ■  0,  (compare  reference  [3])  In  the  system,  when  n^ 

AM 

or  (co^).  In  principle,  therefore,  the  non-lineer 

driving  forces.  Irrespective  of  the  type  of  polarization  of 
the  high  power  primary  waves,  may  excite  sum  and/or  difference 
frequency  waves  of  either  polarization.  The  only  factor  of 
Importance  (apart  from  the  difference  In  magnitude  of  the 
non-llnear  driving  forces  In  the  various  cases)  Is  the  tra¬ 
velling  wave  resonance,  l.e.  equality  In  phase  velocity  and 
In  phase  velocity  direction,  between  the  excited  and  the 
exciting  waves.  This  Is  a  characteristic  feature  of  the 
(dynamic)  non-llnear  magneto-lonlc  theory. 

If  colllslonal  losses  had  been  Introduced  In  the  system, 
we  would  have  found  that  contained  the  same  resonance  terms 
but  now  with  complex  refractive  Indices.  It  Is  Interesting 
to  recall  that  maximum  triple  split  coupling  occurs  when 


21 


*  which  only  is  possible  when  eolli- 
sional  losses  are  Introduced.  Triple  split  coupling, 
therefore,  can  be  regarded  as  a  kind  of  travelling  wave 
resonance  in  the  coupling  region.  When  n^(oo^)«  n^(«^), 

,  and  ,  must  be  used  with  great  care,  since  the  non¬ 
linear  driving  forces  now  could  excite  both  an  o-wave  and 
a  z-wave  at  the  same  time.  A  detailed  discussion  of  this 
complicated  resonance  case  lies  outside  the  scope  of  the 
present  communication. 

Let  us  focus  our  attention  on  (IV, U)  for  a  moment. 

It  appears  from  the  previous  relations,  that  t  “O-*  ,  if 

X  jT 

(o^-O.  In  the  ease  of  purely  longitudinal  propagation  no 

second  order  eleetromagnetie  waves  are  excited  in  the  system. 

A 

Since,  by  (IV, 7),  D-p^  a  in  this  case,  one  finds  from  (IV, 6) 
that  a  second  order  longitudinal  (plasma)  wave,  determined 
by  the  relation 

3v^2) 

"p'  -si-  ■  ‘♦.’.j-o  .  (“I-®’ 

2 

is  excited  in  the  system.  Since  1-n  for  the  isotropic 

Q  q 

medium  (Uj^^O),  (IV, 2^)  yields  a  very  simple  result  in  this 

(  2  )  2 

case,  and  v^  '  (which  becomes  large  when  p^  ->0)  is  propor¬ 
tional  to  the  gradient  of  the  first  order  kinetic  energy  of 
the  oscillating  electrons  |lj  (see  also  (III, 2b)  and  (III,3)). 
It  consequently  appears  that  no  Interesting  second  order  non¬ 
linear  interaction  effects  take  place;  unless  co^  /  0. 
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The  present  theory  has  been  based  on  the  limiting 
assumption  that  the  wave  normals  of  the  high  power  waves  and 
the  system  waves  are  parallel.  The  more  general  case,  when 
the  wave  normal  directions  differ  by  certain  specified  angles, 
will  be  discussed  in  a  forthcoming  report.  One  finds  (see 
also  [3j)  that  (IV,20)  holds,  provided  it  is  written  in 
vector  form.  If  the  medium  is  stratified  in  the  z  direction 
”l*  ^2*  and  n  in  (IV, 20)  “simply*  have  to  be  replaced 

by  their  z-components . 

V .  Generation  of  Sum  and  Difference  Frequency  Waves  in  the 
Magneto-Ionic  Medium 

It  appears  from  (IV, 10)  and  (IV,2U)  that  Intense  sum 

and  difference  frequency  waves  will  be  excited  in  the  medium 

ifj  a)  the  high  power  (or  pump)  waves  experience  a  medium 

2  2 

resonance,  i.e.  if  ■  1,  or  ((11,8)),  or  b)  if  there 

2  2  \ 

is  travelling  wave  resonance  in  the  medium,  i.e. 

2  2  " 
or  n  ••  n  (m  ).  If  both  a)  and  b)  happen  at  the  same  time 

(such  cases  are  possible)  one  can  expect  extra  strong 

excitation  of  the  resonant  waves. 

For  the  homogeneous  medium  the  associated  sum  and 

difference  frequency  waves  (for  nomenclature  see  also  [3])  ere 

easily  obtained  from  (IV,10),  when  f  ,  i  and  if  have  been 

X  y  — 

evaluated  by  means  of  the  various  relations  of  Sections  II  and 
III.  When  the  medium  is  Inhomogeneous,  which  is  the  physi¬ 
cally  important  case,  the  problem  is  more  difficult.  What  one 
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vl8h«8  to  dotormlne  l8  not  only  the  amplitude  and  phaae  of 
the  aaaooiated  waTea  but  alao  the  aame  quantltiea  for  the 
radiating  aum  and  difference  frequency  waTea. 

HoweTer,  It  la  poaaible  to  obtain  an  approximate,  but 
uaeful,  aolutlon  if  the  medium  parametera  vary  very  alowly, 
in  fact  80  alowly  that  partial  reflection  can  be  neglected. 
To  that  end  we  proceed  aa  followa. 

It  can  eaally  be  werlfled  that  can  be  written. 


(V,l) 


(0  (0^ 

where  and  If,  •  “x^**±^*  ahould  be 

mentioned  that  the  factor  p,  preceding  the  operators,  la  aero 
at  the  fourth  reflection  point  (II, 9)  for  an  "independent" 
sum  or  difference  frequency  waTe. 

Let  us  assume,  in  order  to  study  the  radiation  of  the 
difference  frequency  wave  only  (the  procedure  to  obtain  the 
aum  frequency  wave  is  quite  analogous),  that  JT ^  of  (IV,U)  can 
be  written 


<  *  i 

.8 

_)dt} 

*jf(0  t-  / 

n(eo 

♦Jico  t-  / 

'  '•O  •'z 

b  e 

a 

e  * 

0 

0 

k_^  is  considered 

to  bo 

positive, 

l.e.  the  non 

,  (V,2) 


drlTlng  force  trarels  in  the  positive  a-dlrectlon.  The  driving 


force  amplitude,  b^,  is  assumed  to  vary  so  alowly  (note* 
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2  2 

resonances  of  the  drlvlns  force,  Z.  ■  1,  or  T.  -  7_  ,  are 

X  R. 

2  2  ^ 

assumed  not  to  appear  within  the  travelling  wave  resonance 
region  -  a  matter  that  will  be  considered  in  a  forthcoming 
report  )  that  it  can  be  regarded  as  constant  in  the  main 
interaction  region.  Furthermore  we  assume  that  resonance 
takes  place  between  the  driving  (non-linear)  -wave  and  the 
extraordinary  wave  of  the  system,  and  that  ,  i.e. 

we  avoid  the  triple  split  region. 

At  some  medium  level,  z  ■  travelling  wave  reson¬ 

ance  takes  place.  For  the  very  slowly  varying  medium  we, 
therefore,  write 


(?,3) 


which  we  assume  to  .hold  within  the  main  interaction  region, 

z-t  /2,  to  z*z  /2,  where  is  the  width  of  the  same, 
o  w  '  o  in  '  w 


If  we  next  assert  that  is  so  large,  that 

m  o  » 


1  *  1 

-  1 

7 

1  ml 

1 

2  -Z 

(V,li) 


0  m 


and  make  use  of  the  asymptotic  properties  of  the  Fresnel 
Integral  [31,  the  first  order  solutions  to  (IV,l4)  become: 

b  Jz.  ‘'-1' 


,(2) 


dz 


PC'. 


Xk.^k  ^  ’ 


,  (zaz  -z  /2) 
'  0  m 


(v,5) 
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At  the  bottom  of  the  Interaction  region  we  haws  only  one 
"associated"  wave  which  Is  not  an  Indapendent  (or  radiat> 

Ing)  wave,  since  It  does  not  satisfy  Maxwell's  stations  for 

« 

the  unperturbed  magneto-ionic  medium.  At  the  top  of  the 
interaction  region,  we  still  obtain  the  same 

associated  wave  but  also  an  "Independent"  radiating  wave. 


I’ 


which  Is  a  solution  of  Maxwell's 


equations,  at  the  difference  frequency,  for  the  unperturbed 
magneto -Ionic  medium.  We  can  regard  the  amplitude  ratio, 
|(k_-k^  )  V  2  "  it  I  ,  between  these  two  waves  as  a  measure 
of  the  radiation  efficiency  (at  the  difference  f requoticy) . 

Since  the  amplitude  of  the  radiating  wave,  by  (V,6), 
varies  like  V  2  n /h  ,  we  note  that  only  a  small  gradient  of 
the  refractive  Index  difference  is  required  in  order  to 
generate  a  strong  difference  frequency  radiation.  Since 
|w^  j  ,  of  (V,U),  must  also  be  large,  a  very  wide  medium  Is 
required  at  the  same  time.  If  |  must  — »«>  so  fast, 

that  (V,U)  holds.  Instabilities,  therefore,  to  first  orderi 
develop  only  in  a  very  extended  interaction  region. 


Relation  (V,6)  can  be  used  to  evaluate  the  first 
order  second  harmonic  radiation  of  a  high  power  primary  wave. 
According  to  the  previous  relations  this  takes  place  at  the 
levels j  where 

n^(«)  ■  n  ^(2o#),  or  n^(tt)  -  n  ^(2to)  .  (V,7) 

0  X 

Here  n(w)  is  the  refractive  index  of  the  high  power  wave  and, 
thus,  can  have  index  x  or  o,  as  the  situation  may  be. 

*  *  «• 

Next,  let  us  investigate  the  possibilities  of  second 
harmonic  travelling  wave  resonances  according  to  (V,7), 

One  immediately  finds  that,  in  the  longitudinal  ease  (7^*0), 

rn^^(»)-n^^(2«)-l*  I  ,  if  (V,8) 

It'  -  0 

.  I  .  if  Ij^il  (T,9) 

These  resonances  are  particularly  interesting  since 
they  hold  for  any  X  value  and,  therefore,  are  likely  to 
generate  strong  second  harmonics,  in  spite  of  the  fact  that 
the  non-linear  driving  forces  must  bo  of  the  third  ordorp  when 
Tj  ■  0.  Case  (V,9)  corresponds  to  "cyclotron  resonance*  and 
should  be  observable;  for  example  by  top-side  sounders. 

Putting  ■  0,  i.e.  completely  transverse  propagation. 


one  finds  that 
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I 

1 

i 


/  \  2 / <>  \  .  w  2  T  _  ( 1”X) C  1“X/U)_^  2 

(,«>)»n^  {2«)-l-  -jp,  if  Tj  - X/n — ^ 


(Physically  only  possible  if 

1^  x<U) 


n„^(«)-n,^(2«).l-X,  if  T-^-3(l-X/U)-rJ  (X<lj) 

V  °  *  T  Tjy 


(V,ll) 


and 


-  n  ^2e»)  -  1-XA,  if  r  ^  -  3(X-1)  -  (X>l) 


(V,12) 


One  further  notices  that  (V,10)  yields  physically  propagating, 

A 

resonant  waves  only  when  1<X<2  (0^Y_  <l);  (V,ll)  when 

o  ^ III  2 

X<1|  (3>I«^  >0)}  and  (7,ll)  when  l<;X<U(04l,«  <9).  Thus, 

V 

only  case  (V,ll)  is  physically  possible  when  X<1. 

The  corresponding  (travelling  wave)  resonance  frequencies 


are: 


00 


2  2 
d)  (I)-. 

-5-*^ 


(V,10a) 

(V,lla) 


00 


T 

T  * 


(»j^<  3«  2) 


which  do  not  always  correspond  to  propagating  conditions 
(n^(oo)  ■  n^(2oo)  >  O)  . 

It  is  interesting  to  note  that  it  is  also  possible  to 
obtain  travelling  wave  resonances  at,  or  near,  the  fourth 
reflection  level  where  all  electron  velocities  become  very 
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larg«»  For  this  resonance  to  hold,  we  must  require  that 
-  Ip^(2«),  i.e.  that 


1  -  X 


-  - j,  and  1  -  f  -  - j 

1-T,  ^  1-y/ 


/U 


which  yields 

and  ^ 


R 

1  e  0  e 


‘R 


5-X.  (Y, 


1,  for  X  -  2) 


/( ln^(®) I  - |n^(2®)| -  ®) 

(V,13) 


max 


J 


It  is  of  interest  to  note,  that  this  resonance  only 

2 

takes  place  when  X  lies  in  the  range  1  to  It,  and  that  T|^ 
is  never  less  than  one.  At  these  resonance  levels  an  exos¬ 
pheric  whistler  may  produce  second  harmonics.  Conversely,  a 
2®  whistler  '•pump'*  wave  may  amplify  (or  generate)  an  ® 
whistler  by  parametric  travelling  wave  interaction. 

In  the  general  case,  where  the  wave  normal  makes  an 
arbitrary  angle  with  the  static  magnetic  field,  the  refrac¬ 
tive  index  relations  become  more  complicated.  Introducing 
the  following  parameter 


X  -  -  Yj^/Y^  ^  , 

^  ^III 

the  equalized  refractive  indices  become 


(V,lli) 


(®) 


ni^(2«) 


1  ♦ 


xV2 


x‘+(x+i)x‘ 


(v,i5) 


29  - 


2 

-  n-^Cato)  -  1 - .?  . .  ,  (V,l6) 

-X+ Vx^+(\4.i)x2 

with  the  eorreapondlng  longitudinal  cyclotron  frequency  com¬ 
ponents 


-  Y^2X^*5(X*l)X±2(2*x)nj- 

2 


(V,17) 


For  the  purpose  of  graphical  presentation  we  have  labelled  the 
equalised  refractive  indices  1  and  2.  Only  a  more  detailed 
investigation  will  reveal  to  which  polarization  the  equalised 
Indices  may  correspond;  this  varies  with  X  and  is  of  no 
immediate  concern,  since  there  is  no  principal  difference 
between  the  various  states  of  polarization  from  the  point  of 
view  of  non-linear  interaction. 

A  closer  examination  of  (V,15),  and  (V,l6)  reveals, 
that  most  of  the  travelling  wave  resonances  take  place  in  a 
region  where  X >  1  -  T,  It  is  interesting  to  note  from  Fig.  2, 
which  depicts  the  equalized  refractive  indices,  (V,l5)  and 
(7,16)  as  functions  of  X,  that  there  are  three  levels,  viz. 

X  ■  1,2,  and  U,  for  which  n  (»)  -  0  -  n  ( 2®) .  Qeneratlon  of 
a  fairly  strong  second  harmonic  echo  can  be  anticipated  at 
these  levels.  A  detailed  analysis  of  the  radiation  efficiency 
in  this  case,  which  must  be  based  on  a  more  rigorous  wave 
treatment  to  replace  (7,6),  is  outside  the  scope  of  the  present 
communication.  It  should  be  noted,  however,  that  the  following 
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FIGi2  DEMONSTRATING  n*(*)-n*(2*i)  AS  FUNCTIONS  OF 
(DENOTED  Xo  IN  FKJ.  2),  FOR  VARIOUS  VALUES  OF  Y,.  AND 
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refraotlve  indices  are  equal  to  aero  at  these  levels, 

X  -  1.  ng(“)  *  for  T  -  3/2  , 

X  •  2.  n^(«)  -  n^(2»),  for  Y  -  1  , 

X  ■  h.  n.Cca)  -  n^(2ti>),  for  Y  -  3  , 

z  0 

where  n  (®)  denotes  n  (os),  for  X  >  X^  . 

Z  X  It 


Tis. 


(V,18) 


According  to  Fig*  2  there  are  a  number  of  levels,  of 
special  Interest  In  the  "top-side"  ionosphere,  where  travelling 
wave  excitation  of  second  harmonics  is  possible.  The  same 
applies  to  the  exosphere,  where  wave  interaction  takes  place 
in  regions  where  Y>1.  The  different  resonance  levels  may 
differ  in  efficiency,  however,  since  the  non-linear  driving 
forces  (represented  by  b^  in  (V,5)  may  vary  widely  with  X  and 
Y. 


VI.  A  Brief  Discussion  of  the  Non-Linear  Interaction  when 
Only  the  Effects  of  Pump  Wave  Charge  Bunching  is 
Considered 

In  order  to  discuss  the  parametric  interaction  in  the 
magneto-ionic  medium,  let  us  limit  ourselves  to  the  effects 
of  pump  wave  charge  bunching  only  (see  also  [3])*  We  then 
have,  tOp  is  the  angular  pump  frequency. 


(VI, 1) 
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where 


AN(z,t'  AN  ,  y 

^  No  I  P  p  0^  p  ; 


(VI, 2) 


represents  the  charge  bunching.  If  oj^  /  0,  t)  Is  linearly 
proportional  to  the  pump  field  amplitude  (ll,^a).  When 
o»j  -  0,  it  is  proportional  to  the  square  of  this  ([b],  (IV, 25)). 
Eq.  (IV,li)  and  associated  relations  now  yield  the  following 
coupled  equations,  viz. 


Pen^(Pp^[Pe^*“p^^^*’^^]  *  “t^P®^  )  "  “l^P 


(2) 


,,2  2 
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4r.(p  \rr,  <2>  .  p  Vnv 
9t  \*^p  L  X  ^em  T  '  z  J 


(2)  .  "’j- 


(2) 


CO, 


T  dt 


-  -co,p  ^ 

X  1*^6  y 


(VI, 3) 
(VI, 1*) 

(VI, 5) 


The  left  hand  side  of  (VI, U)  is  a  Mathieu-equation,  and  the 
left  hand  side  of  (VI, 5)  can  be  reduced  to  one  [3].  Both 
operators  describe  oscillations  in  a  periodically  perturbed, 
isotropic  ionized  medium 

In  order  to  study  the  instabilities  in  this  medium,  one 
would  have  to  solve  the  coupled  "Mathieu-type*  equations, 
which  is  a  very  complicated  matter.  The  spectral  terms  of  the 
steady  state  can,  of  course,  always  be  obtained  from  (VI, 3), 

I 

(VI, U),  and  (VI, 5).  One  then  obtains  the  (parametric) 
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rsaonano*  conditions  already  described  (I7,20),  If  the 
fundamental  mode  easily  becomes  non-linear,  for  example  at 
the  fourth  reflection  level,  one  can  pump  the  medium  with 
a  higher  frequency  than  2tt,  viz.  3o,  li»,  etc.,  which  corres¬ 
pond  to  the  higher  order  Mathieu-instabilities.  If  losses 
are  very  small,  as  in  the  uppermost  ionosphere,  harmonic 
travelling  wave  pumping  and  generation  of  the  more  easily 
excited  modes  should  be  possible,  provided  the  resonance 
conditions  are  satisfied.  This  interesting  matter  will  be 
dealt  with  in  a  forthcoming  report. 

VII.  Mon -Linearities  in  the  "Top-Side*  lonostfeere 

Sven  though  the  theory  presented  in  the  previous 
sections  is  based  on  tJbe  assumption  that  infinite,  plane 
(magneto-ionio)  waves  travel  in  the  system,  which  is  not  true 
within  a  wavelength  or  so  of  a  "top-side"  sounder,  it  sbould 
be  possible  to  draw  some  general  conclusions  concerning  the 
nature  of  the  wave  Instabilities  recorded  by  such  a  device. 

At  the  normal  total  reflection,  or  self-oscillation 
levels,  X  ■  l-I,  1,  and  1*1,  one  only  expects  fundamental 
plasma  "spikes",  except  at  levels  where  any  of  the  travelling 
wave  resonances  of  (7,18)  would  take  place.  At  these  levels 
harmonic  pumping  should  also  be  possible,  i.e.  plasma  "spikes" 
could  be  recorded  when  the  sounder  emits  at  twice  the 
resonance  frequency. 

Instabilities  are  likely  to  be  very  strong  at  the 
fourth  reflection  levels,  at  least  as  far  as  plane  wavtl  are 
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2 

conoernsd.  These  levels,  which  lie  in  the  following  Y  -range 
(11,8),  viz. 


.  x/ 


1-X 

- T~  » 

1-xcos  e 


(x<i) 


2  2 
^  -  "r 


X-1 

T 


Xcos  6-1 


(X  >l/cos  e) 


depend  upon  the  angle  0.  Since  the  ‘^top-side*  sounder  acts 

almost  as  a  point  source  in  the  medium,  plasma  "spikes"  at 
2 

the  Yj^  -levels  are  only  likely  to  be  strong  in  wave  normal 
directions  for  which 


1  dn 
n  IS 


0  , 


which  means  that  the  Poynting  vector  is  parallel  to  the  wave 

2 

normal.  Since  cos  6  is  equal  to  0,  or  1,  in  these  directions 
(longitudinal  or  transverse  propagation),  strong  fundamental 
plasma  "spikes"  are  only  likely  when 


Yj^^  .  1,  (e  -  0),  and  Y^^^  -  1-X  (e--J-). 

This  agrees  with  the  experimental  results  so  far  reported. 

Harmonic  pumping  (see  Vl)  of  these  resonances  should  also  be 

possible,  especially  for  the  one  at  Y  -  1  ("cyclotron 

resonance"),  since  travelling  wave  resonances  are  easily 

obtained  at  this  level  (see  (V,9)). 

2 

If  Y  -  1,  we  obtain  for  small  e-values 


9 


(VII, 1) 
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n 

sin^e 

vhleh  naans  that  the  transverse  eonponent  of  n^  Is  praetloall/ 
Independent  of  e  (for  small  angles),  or 

n^(«)8ine  »  V2(l-X)  .  (VII,2) 

Second  harmonic  travelling  wave  resonances  (now  shown  in 

vector  form)  are  thus  easily  obtainable  in  the  direction 

around  6  ■  0,  as  sketched  in  Pig.  3.  The  second  harmonic 

pump  wave  continuously  builds  up  forward  and  backward  waves 

at  the  fundamental  frequency  which,  in  their  turn,  generates 

a  backward  second  harmonic  wave.  The  system  becomes  unstable 

at  complete  travelling  wave  resonance  (see  VI,  and  [3])»  end 

"cyclotron  spikes*  will  be  recorded  at  both  the  fundamental 

and  the  second  harmonic.  Similar  pumping  schemes  would  also 

be  effective  at  the  higher  harmonics,  provided  v  is  small 

enough  (as  in  the  "top-side"  ionosphere).  Such  harmonic 

2 

■spikes",  related  to  ■  1,  have  been  recorded  by  "top¬ 
side"  sounders,  but  to  the  authors  knowledge,  none  related 
to  -  l-X. 

Unfortunately,  the  present  "top-side"  sounders  are  not 
equipped  to  record  harmonics  and  fundamentals  simultaneously. 

No  doubt  a  recorder  with  such  features  would  yield  very 
interesting  and  Important  results  and  is  almost  a  necessity 
if  one  wishes  to  study  the  top-side  non-linearities  thoroughly. 


-M- 


PI6.  3  DEMONSTRATING  2nd  HARMONIC 
PUMPING  AT  Yn<l 
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